Super Yangian Y(osp(l\2] 
and the 

Universal i?-matrix of its Quantum Double 

D. Arnaudon, N. Crampe, L. Frappat*, E. Ragoucy 



Laboratoire d'Annecy-le-Vieux de Physique Theorique 
LAPTH, CNRS, UMR 5108, Universite de Savoie 
B.P. 110, F-74941 Annecy-le-Vieux Cedex, France 

* Member of Institut Universitaire de France 



Abstract 

We present the Drinfel'd realisation of the super Yangian Y(osp(l\2)), including the explicit 
expression for the coproduct. We show in particular that it is necessary to introduce supple- 
mentary Serre relations. The construction of its quantum double is carried out. This allows us 
to give the universal ii-matrix of DY (osp(l\2)) . 



MSC number: 81R50, 17B37 



LAPTH-932/02 
math.QA/0209167 
September 2002 



1 Introduction 



The Yangian Y(a) based on a simple Lie algebra a is defined as the homogeneous quantisation of 
the algebra a [it] = a <S> C[u] endowed with its standard bialgebra structure, where C[u] is the ring 
of polynomials in the indeterminate u. It was introduced by Drinfel'd jl| |!|. The most elegant 
and concise presentation of the Yangian uses the FRT formalism Q, based on a certain evaluated 
R-matrix. For unitary algebras, the R-matrix is given by R(u) = I ® I + P/u where P is the 
permutation map. This can be extended to superunitary series by considering the superpermutation 
instead ||, 0] . This formalism was extended to the orthogonal, symplectic and orthosymplectic cases 
by taking R(u) — I ® I + P/u — K/(u + k) where K is a partial (super)transposition of P and 
4k = (a + 2p,cto), see for example [J/J. Although one can exhibit a suitable R-matrix for any 
simple Lie algebra or basic simple Lie superalgebra o for defining the Yangian Y(a), the obtained 
structure is a Hopf algebra, but not a quasi-triangular one. It is well known that the quantum double 
construction allows one to construct a quasi-triangular Hopf algebra from a Hopf algebra, and that 
this procedure leads to the universal R-matrix of the algebra under consideration. However, in 
order to find explicit useful formula for this universal R-matrix, it is necessary to consider another 
realisation of the Yangian, given in terms of generators and relations similar to the description of 
a loop algebra as a space of maps. Unfortunately in this realisation no explicit formula for the 
comultiplication is known in general, except in the si (2) case ||. 

The aim of this paper is to extend this construction to the case of the superalgebra osp(l\2). Let 
us recall that the super Yangian Y(osp(l\2)) is defined by the relations 

R l2 (u - v) L x {u) L 2 (v) = L 2 {v) Lx{u) R 12 (u - v) (1.1) 

and 

C{u) = D (u - k) L{u) = h (1-2) 

where the generators of Y(osp(l\2)) are encapsulated into the 3x3 matrix L(u) and R\ 2 (u) is the 
R-matrix introduced in 0. Writing a Gauss decomposition of L(u), we then introduce some specific 
combinations of the generators L y '(it), called e(u), f(u) and h(u), which define a Drinfel'd realisation 
of the super Yangian Y (osp(l\2)) . More precisely, we show that the associative algebra A generated 
by e(it), f{u) and h{u) subjected to certain relations, and the super Yangian Y(osp(l\2)) are iso- 
morphic as bialgebras. At this point, two remarks are in order. First, one is able to find explicit 
formula for the comultiplication in terms of the Drinfel'd generators e(u), f(u) and h(u), thereby 
generalising Molev's formula in the case of osp(l\2). Second, it is necessary to introduce supplemen- 
tary Serre-type relations among the e(w), f(u), h{u) generators, as in the case of U q (6sp{l\2)) [|]. 
These supplementary Serre-type relations are cubic in the Drinfel'd generators. Indeed, it appears 
that the quadratic exchange relations among the e(it), f(u), h{u) generators, derived from the RLL 
relations, lead to a superalgebra which is bigger than Y (osp(l\2)) . Hence it is necessary to quotient 
this bigger structure by supplementary relations. 

The next step is the construction of the quantum double. The super Yangian Y(osp(l\2)) = Y + 
being given in terms of the Drinfel'd generators e(it), f{u), h(u) with positive modes, we introduce 
another set of generators e(u), f{u), h{u) with negative modes, generating a Hopf algebra Y~ . 
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We construct a Hopf pairing between Y + and Y~ , such that Y~ is isomorphic to the dual of Y + 
with opposite comultiplication. We prove that this Hopf pairing is not degenerate. This allows us 
to define the double super Yangian DY(osp(l\2)) in a proper way. In particular we are able to 
give a presentation of the double super Yangian DY(osp(l\2)) in terms of the Drinfel'd generators 
e(u), f(u), h(u), now Z moded, subjected to suitable quadratic exchange relations, and suitable 
supplementary Serre-type relations of cubic form. 

As we emphasised above, the quantum double procedure allows one to construct explicitly the 
universal R-matrix. {xi,i G N} being a basis of Y + and {x l ,i G N} G Y~ its dual basis (i.e. 
< x\xj >= 5j), the universal R-matrix of DY is given by 1Z = J2 x i ® x% ■ Let £ + , J r+ and H + 
denote the unital subalgebras of Y + generated by the positive modes of e(u), f(u) and h(u), and 
let T~ , £~ and 7i~ be the dual subalgebras. Following the kind of arguments used in we give 
Poincare-Birkhoff-Witt bases for S ± , in terms of the modes of the generators e(u) and f(u). We 
show that this leads to the usual nice factorised expression of the universal R-matrix of DY (osp(l\2)) , 
namely K = n E n H TZ F , where TZ E G £+ <8> K H G H + ® U' and TZ F G F + <g> £~ . Finally, 
considering the action of the universal R-matrix 1Z on evaluation representations of DY (osp(l\2)) , 
we obtain the evaluated R-matrix of DY (osp(l\2)) , which coincides with the one introduced in J/j], 
up to a normalisation factor written as a ratio of Ti functions of period 2k. 

2 The RTT presentation of super Yangian Y(osp(l\2)) 

We denote by V the 3-dimensional Z2-graded vector space representation of osp(l\2). The first and 
the third basis vectors have the grade (mod 2) whereas the second has the grade 1 (mod 2). The 
same gradation was used by Ding || in order to define U q (6sp(l\2)) . The multiplication for the 
tensor product is defined for a, b, a, (3 G Y(osp(l\2)) by 

(a®a)(6®/3) = (-l) [fe][a] (afe <g> a(3) (2.1) 

where [a] G Z2 denotes the grade of a. Let Ey be the elementary matrix with entry 1 in row i and col- 
umn j and elsewhere. The "usual" super transposition 7 is defined by A T = Ylij=i(~ l)^^ + ^A^ l Ei 
for any matrix A = j =1 A^E^. The super transposition .* we will use is a conjugation of the pre- 
vious one: 

3 

A 1 = J2 (-l) m+[il J ij A kj J lk E u = JA T J' 1 where J = E 31 + E 22 - E 13 (2.2) 

i,j,k,l=l 

The super permutation Pi 2 (i.e. X21 = Pi2-X"i2-Pi2) is defined by Pi 2 = (— l)^Py ® Eji. 
The super R-matrix Ri2(u) G End(V <8> V) is defined by: 
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where 



p(u) 



T 1 {u\2k) r\ (u + k - 1\2k) T 1 (u + k + 1\2k) T 1 (u + 2k|2k) 
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k = - 
2 



(2.5) 



is the super transposition in the first space and I is the 3x3 identity matrix. The function T\ is 



defined by ri(x|o;) 



x/u 



r(S). 



v2txuj 

It is known (see for instance J7[) that: 
Proposition 2.1 The matrix R(u) satisfies 



R 12 (u) R 13 {u + v) R 23 (v) = R 23 (v) R 13 (u + v) R 12 (u) 
Ri 2 {—u — k) — Ri 2 (u), (crossing symmetry) 
Ri 2 {u) R\ 2 {— u) = p(u)p(—u), (unitarity) 



(super Yang-Baxter) (2.6) 

(2.7) 
(2.8) 



We gave in our previous paper J?J the RTT presentation of super Yangian Y(osp(l\2)). In the 
following, 1 will denote the unit of the algebra and 1 3 = 1 E. 

Theorem 2.2 The super Yangian Y (osp(l\2)) is isomorphic to the associative superalgebra U(R) 
generated by the elements LV n ^ ( 1 < i, j < 3, n G Z>o ), 1 and the defining relations, given in terms 

of formal series L(u) = 1 3 + J2l j= i £„ e z> L Z) u ~ n E H = £L=i ^[u) E v •' 



>0 {n) 

R\2 (u - v) LAu) L 2 (v) = L 2 (v) Li{u) R l2 (u - v) 



• C{u) = L l (u — k) L{u) = 1 3 
The Hopf algebra structure ofU(R) is given by 



(2.9) 
(2.10) 



A(L(u)) =L{u)®L{u) i.e. A(L ij (u)) = ^ L ik {u) ® L k >{u) 



k=l 



S{L{u)) = Liu)- 1 ; e{L{u)) = I 



(2.11) 
(2.12) 
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3 The Drinfel'd realisation of Y(osp(l\2) 

Definition 3.1 Let A + be the associative superalgebra generated by the odd elements e^, fk (k G 7L>o), 
the even elements hk (k G Z> 0y ), the unit 1 and the defining relations, given in terms of the generating 
functions e{u) = ]T^L e k u~ k ~ 1 , f{u) = £)~ fkU'^ 1 , h{u) = 1 + hkU^ 1 : 



[h(u),h(v)} = 0, (3.1) 
(v) — h{u) 
u — v 

(u — v + k— l)[h(u), e{u) — e(v)] 



{e{u),f{v)} = , 3.2 

u — V 



[h(u),e(v)\ 



[h(u),f(v)} 



{u — v ){u — v + k) 
| h(u)(e(v) + e(u) - e ) - (e(u) - e )h(u) 

U — V + K 

{u — v ) {u — v — k) 
h(u)(f(v) + f(u) + /q) - (f(u) + f )h(u) 

U — V — K 

r , , , a Hu),e(v)} {e ,e(u) - e(v)} (e(u) - e{v)f , o _ , 

{e[u),e[v)} - 2{u _ v) 2{u-vf ' ^ 



(3.3) 



(3.4) 



{f{u)J{v)} = (3 ,) 



and t/ie supplementary Serre relations 



e{uf = e(u){e(u), e } + [e 2 , e(u)} , (3.7) 
/(u) 3 = -/(«){/(«), /o} + [/o 2 , /(«)] • (3.8) 



The relations ( p. 1|) — ( pT6|) are equivalent to the following commutation relations in terms of the modes 
efc, fk, h k (k>0): 

• h k and hi : [h k , hi] = 0, (3.9) 

• e k and /; : {e k , ft}- h k+ i = 0, (3.10) 

• h k under. [h Q , ei] - e t = 0, (3.11) 

2 e,] - 2e l+ i = {ho, e t }, (3.12) 

2 [/ife+2, ej] + 2 e; +2 ] - 4 [/i fe+1 , e J+1 ] = e t ] + {/ifc+i, ej - {h k , ei +1 }, (3.13) 

• /i fc and/,: [ho, fi\ + /, = 0, (3.14) 

2[/ii,/ I ] + 2/ l+1 = -{/io,/,}, (3.15) 
2 [/ifc+2, //] + 2 [/i fe , f i+2 ] - 4 [/ifc+i, = [hk, fi] - {hk+i, fi} + {h k , fi+i}, (3.16) 



• e k and e z : 2{e k+2 , e{\ + 2{e k , e i+2 } - 4{e fc+ i, e /+ i} = {e fc , + [e fc+ i, ej] - [e fc , e J+1 ], (3.17) 

• / fc and /, : 2{f k+2 , /,} + 2{/ fc , / i+2 } - 4{/ fc+1 , = {/ fe , /,} - [f k+1 , /,] + [J fe , (3.18) 
The Serre relations ( |3.7|) and (|3.8| ) in terms of modes are conjectured to be (for k > 0) 

[{e fc ,e fc+ i},e fc ] = 2e 3 k , (3.19) 

[{e fc ,e fc+ i},e fe+ i] = -e k e k+1 e k - -e 2 k e k+x - -e k+1 el, (3.20) 

[{ek, e k+ x}, e k+2 ] = -2e 2 k+1 e k - 2e k+ ie k e k+1 - 2e k e 2 k+1 , (3.21) 

[{fkjk+ihfk] = -2/|, (3.22) 

1 i 

[{/*!> /fc+i}; /fe+i] = fkfk+ifk + -^f k fk+i + -^fk+if k , (3.23) 

[{/fc> /fc+i}, /fc+2] = 2fk+ifk + 2/fe+i/fc/fc+i + 2f k f k+1 . (3.24) 

This conjecture is supported by two results: on the one hand we have proved them in the graded 
algebra (to be defined below); on the other hand we checked explicitly the first nine relations. 

Proposition 3.2 The algebra, A + (resp. U(R)), can be equipped with an ascending filtration with 
the degree of the generators defined by deg(e k ) = k, deg(f k ) = k, deg{h k ) = k (deg(L 1 ^) = k — 1) 
and deg(xy) = deg(x) + deg(y) , for x, y G A + ( resp. x,y EU (R) ). 

Let gr(A + ) and gr(U(R)) denote the corresponding graded algebras and osp(l\2)[u] denote the Lie 
super algebra of polynomials in an indeterminate u with coefficients in osp(l\2). The algebras gr(A + ), 
gr{U(R)) and U(osp(l\2)[u\) are isomorphic. 

Proof: We first recall the notion of graded algebras. We start with an algebra A, equipped with 
a grading deg, i.e. a morphism from (.4,.) to (N, +). One introduces A k = {x G A, deg(x) < 
k}, k > and gr{A k ) = A k j A k -\ for k > 1, gr(Ao) = Aq. Then the graded algebra of A is 
gr(A) = ® k >ogr(A k ). 

The algebra gr(A + ) is the algebra generated by e k , f k , h k (k G Z) and the relations (|3~^ )-( |3~24] ) where 



the right hand side of the equalities is substituted by zero. These equalities are equivalent to : 

[h k , hi} = , {e k , fi} = h k+ i , (3.25) 

[h k ,ei] = e k+i , [h k ,fi] = -f k+i , (3.26) 

e m } = {eo, e n+m } , {/„, f m } = {fo, f n + m } , (3.27) 

[Ke m },e n ] = , [{fiJ m }Jn]=0. (3.28) 

which are the relations of U (osp{l\2)[u]) . Then, gr(A + ) is isomorphic to U(osp(l\2)[u}). 

The isomorphism between gr(U(R)) and U(osp(l\2)[u}) is proved in 0. ■ 
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Theorem 3.3 The linear map 





A + 


— > U(R) 




< 


-u) 


L 33 {u 


-1 L 23 


/( 


-u) 


— L 32 (u 


L 33 {u 


h{ 


-u) 


L 22 (u 


L 33 {u 



is an isomorphism of algebra. 



(3.29) 
(3.30) 

+ L 32 (u)L 33 (m) _1 L 23 (u)L 33 (uY 1 (3.31) 



Proof: The first step of the proof is to show that is a morphism of algebra. 

{0(e(-u)),0(/(-t,))} = {L 33 (u)' 1 L 23 (u) , L 32 (v)L 33 (v)~ 1 } 
= -L 33 (w) -1 L 32 (w) [L 23 (u), L 33 (w) -1 ] + L 33 (u)~ 1 (L 23 (n),L 32 (^)}L 33 (i;)- 1 

- [L 33 (u)-\ L 32 (v)] L 33 (v)- l L 23 (u) (3.32) 

= ^^(-L 33 (m)-V(^(-^))^ 33 (m) + ^ 33 H-V(^(-m))^ 33 (m)) (3.33) 
u — V 

= J— (<f>( h (-u)) - (f>(h(-v))) (3.34) 
u — V 

-33/ 



We used the relations (|2.9| ) and [(j)(h(—v)), L (u)] = 0. For the other relations, the proofs are similar 
once one remarks, in particular, that 

L 21 (m)L 33 (m) _1 = L 22 (u)L 33 (urV(/(-«)) - *(/(-*)) - [0Cf o ), L 22 ^ 33 ^)" 1 ], (3.35) 

L 12 (m)L 33 (m)^ 1 = 0(e(- M + l))-L 22 (M)L 33 (M)-V(e(-M + l))-[0(e o ),L 22 ( M )L 33 ( M )- 1 ], (3.36) 

L 31 (m)L 33 (m) _1 = (0( / (-n))) 2 + {0(/ o ),0(/(- M ))}, (3.37) 

L 13 HL 33 H^ = (0(e(- M + l))) 2 -{0(e o ),0(e(- M +l))}. (3.38) 

The second step consists in proving the surjectivity of 0. The relations ( |3.29| )-( |3T3~1"D , ( p.35| )-( |3~3"8"D 
and the following particular relations, coming from ( |2.10| ), 

C 22 (u) = L 22 (u - k)L 22 (u) + L 32 (u - k)L 12 (u) - L 12 (u - k)L 32 (u) = 1 (3.39) 
C 33 (u) = L 11 (u-k)L 33 (u)+L 21 (u-k)L 23 (u)-L 31 (u-k)L 13 (u) = 1 (3.40) 

constitute a system of nine equations. We can show that these equations are independent and allow 
us to express all the generators of U(R) in terms of 0(e n ), 4>{h k ) and 0(/z) (n,k,l > Z> ). This 
proves the surjectivity of 0. 

The final step is the proof of the injectivity of 0. The map preserves the filtration, therefore defines 
a surjective morphism between gr(A + ) and gr(U(R)). Since the injectivity of the latter morphism 
is given by the proposition Q| , the injectivity of is proved. ■ 

Note that the RLL relations encode both the commutation relations and the Serre relations. 

Let £ + and JF + be the subalgebras of A + , without the unit, generated by {ek,hi\k,l > 0} and 
{fk, hi\k, I > 0}, respectively. Let £ + , 7i + and JF + be the subalgebras of A + generated by e^, h k and 
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fk with k > 0, respectively and S + , 7i + and JF + be the same algebras with the unit. 

Proposition 3.4 provides A + with a coalgebra structure given by : 

• counit: 

e(e(u)) = , e(/(«)) = , e(h(u)) = 1 . (3.41) 

• coproduct : 

A(e(u)) = e(u) <8> 1 + (ft(u) ® e(«) + [%), /o] ® (e(u) 2 - {e(w), e })) (l ® 1 + X 12 (m)) (3.42) 
X 12 (u) = $^(-l) fc (/(« - 1) ® e(u) + (/(« - l) 2 + {f(u - 1), /„}) ® (e(u) 2 - {e(u), eo}))" 

fc>0 

A(/(u)) = 1 ® /(u) + (/(u) (8) %) + (/(m) 2 + {/(u), M) ® [%), e ]) (l ® 1 + K 12 (u)) (3.43) 
= ^(-1)" (/(«) ® e(« + 1) + (/(n) 2 + {/(«), /o}) ® (e(« + l) 2 - {e(w + 1), eo}))" 

fc>0 

A(h(u)) = l®l + {A(e(u)),/o®l + l®/o} (3.44) 

Proof: To clarify this proof, we denote A^ (resp. A^) the coproduct of A + (resp. U(R)) and Ea 
(resp. Eu) the counit of A + (resp. U(R)). 

We construct A a thanks to the relation Ajy o = (0 ® 0) o A^. At first, we calculate A^ (/(«)). We 
begin by 

Atf(0(/(-u))) = A (/ (L»L 33 (u)- 1 )=A [ ,(L 32 ( ll ))A [/ (L»)^ 1 (3.45) 

and Ay (L 33 (w)) _1 = ( f (^^L 33 ^)- 1 ® L*^)! 33 ^)- 1 )^ 33 ^) ® L 33 (u)) 

\k=i 

= (L 33 ^)" 1 ® L 33 (w) _1 ) ]T ( ^ L^^L 33 ^)- 1 ® L fc3 (u)L 33 (n) _1 ) (3.46) 

n>0 \fc=l / 

Using the results of the proof of the previous theorem, we get 

AuW(-u))) = (0 ® 0) [l ® /(-«) + (/(-«) ® ^(-«) + (/(-«)* + {/(-«), /o} ® e ])) 

x (l ® 1 + ^i 2 (-«)) 

= (0®0)oA A (/(-u)) 



By the injectivity of 0, we find ( |3.43| ). For A^(e(w)), the proof is similar and for A^(/i(w)), the 
equality ( p.44p is obvious. 



For the counit, the proof is similar by using ea = £u ° 
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Unfortunately, no explicit formula is known for the coproduct in terms of the modes. 
Note that ($M)-(¥M) imply that: 



A(e(u)) = e(u) <g> 1 + h(u) <g> e(u) + mod(T ®£ + £ + 
A(f(u)) = 1® f(u) + f(u)®h(u)+mod(F + F + ®~B 
A(h(u)) = h{u)®h{u)+mod(S + 



(3.47) 
(3.48) 
(3.49) 



To prove (|3.49|), we need to calculate the anticommutator of the relation (|3.44|). 



4 The construction of the double DY(osp{\\2)) 

In the following, we replace the notations L(u), L^{u), e(u), f{u) and h{u) by L + (u), L +l3 (u), e + (u), 
f + {u) and h + {u) respectively. 

4.1 RTT presentation 

Definition 4.1 Let DU(R) be the associative superalgebra generated by the elements L l Ps (1 < 
i,j — 3 ; n G Z), 1 and the defining relations, given in terms of formal series L + {u) = 1 3 + 
EL=iE„ 6 z >0 ^)«- n ^ = Eij ,/-•'•'(") and L-{u) = £^ =1 E ne2<0 L l) ^ = Is + 

£?„■ ,/- >)*V 

• R 12 (u-v) Lf(u)Lf(v) =Lf(v)Lf(u)R 12 (u-v) (4.1) 

• R 12 (u-v) Lt(u)L^(v) =L 2 -{v)L+{u)R X2 {u-v) (4.2) 

• C ± {u) = L ±f (u- k) L ± {u) = h (4.3) 



The Hopf algebra structure of DU(R) is given by the relations ( \2.11\ ) and ( \2.12\ ) with the substitution 
L(u) -> L±(w). 

Proposition 4.2 The bilinear form <, > between the two subalgebras of DU(R), U~(R) = {L l ^\n G 
Z< } with opposite coproduct andlA + (R) = U(R) = {LVAn G Z >0 } given by: 

<L^ U ),LUv)>=R 2 i(v-u) i.e. <L- lJ (u),L +kl (v)>=(R- 1 (v-u))l (4.4) 
< L~(u), h >=< 1 3 , L + {v) >=< 1 3 , 1 3 >= I (4.5) 

is a Hopf pairing i.e. satisfies the conditions for a, b G U~~(R) and a, (3 G U + (R): 

< a, a(3 >= (-1)™ < A(a),p ® a > , < aft, a >=< a ® 6, A(a) > (4.6) 
e(o) =< a, 1 >, e(a) =< 1, a > , < 5'~ 1 (a), a >=< a, S(a) > (4.7) 

< a®6,a®/5 >= (-l)Mfcl <a 1 axb 1 (3> (4.8) 
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with the defining relations (O) 



Proof: The proof for the consistency of ( [4.4| ) and 
the conditions Q4.6Q and (|4.7|) uses the same methods as in |11|. For example : 



and 



< Lo(w), (R 12 (u - v)L+(u) L+(v) - L%(v) Lf(u)R 12 (u - v)) > 

R 12 (u - v) < Lq{w),L${v) >< L (w),Lf(u) > 

- < L Q {w), L+(u) >< L (w), L+(v) > R 12 {u - v) 

Ri 2 {u — v )R 2 o( v — w )Rio( u — w) — Riq(u — w)R2q(v — w)Ri 2 {u — v) 

(due to (pD) 



(4.9) 
(4.10) 
(4.11) 



We will show below (see remark after theorem |4.8| ) that this pairing is not degenerate. 
4.2 Drinfel'd realisation 

Definition 4.3 Let DA be the associative superalgebra generated by the unit 1, the even elements 
hk (k E Z) and the odd elements eu, fk (k 6 Z), gathered in the generating functions 

oo —1 



e + {u) = ^^efcW h 1 , e (u) = — e^u k 1 , e{u) = e + {u) — e (u 



k=0 

oo 



k=— oo 
-1 



u 



£ fun-"- 1 



(4.12) 

f(u) = f+(u)-f-(u), (4.13) 



fc=0 



k=— oo 



h+(u) = 1 + h kU~ k ~ l h-(u) = l- hki^ 1 



k=0 



k=— oo 



satisfying the relations 

h a {u)h p {v) = h p (v)h a (u) where a, (3 = ±, 

oo 

{e(u), f(v)} = 5{u — v) {h + {u) — h~(u)) with 5{u — v) = 

k=— oo 

(U — V — l)(2u -2v + Vje^h^v) = (u-v + l)(2u -2v- 1)/^ 
(u-v + l)(2u -2v- ^fiu^iv) = (u-v- l)(2u - 2v + l)/i ± (v)/(«), 
(u - u - l)(2tt - 2v + l)e(u)e(«) = -(tt -v + l)(2u - 2v- l)e(v)e(u), 
(u-v+ l){2u -2v- l)f(u)f(v) = -(u-v- l)(2u - 2v + l)f(v)f(u) 

and the supplementary Serre relations 
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{e ,e ± (u)}e ± (u) 

{/o, /*(«)}/*(«) 



{e 2 , e ± (u)} - 2u[e z , e ± (u)} + e e ± (u)e - [{e , ei}, e ± (u)} 



(4.14) 

(4.15) 
(4.16) 

(4.17) 
(4.18) 
(4.19) 
(4.20) 

(4.21) 



{fl /*(«)} - 2«[/=f, /*(«)] - / /1«)/o - [{/o, /i}, /*(«)] • (4.22) 



p2 j± 



T/ie bialgebra structure of DA is given by ( $-4 6 4) , ( $-4$) ; $-44 ) an d l \^-4A) > adding superscripts ± 
to e(u), f(u) and h(u). 
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Remark 4.1 DA could be alternatively defined by the relations (^.lp-flSTED, adding a superscript e 
to the generating functions with parameter u, and a superscript e' to the generating functions with 
parameter v, where e, e' = ±. The Serre relations (|3.7 ) and ( |3.8|) with e are also valid in DA, but 



not sufficient, because they do not couple enough positive modes with the negative ones. 

The commutation relations in DA between e k , f k and h k (k G Z) are the same as the relations 
Q - (glD with, in this case, k, I G Z and with the following additional relations, for k E Z : 



2[h- 1 ,e h ] - 2e fe _i = e fc _ 2 ] - e fe _i}, (4.23) 

2[/i_i,/ fc ]-2/ fc _ 1 = [/i_ ls / fc _ 2 ] + {/!_!,/*_!} (4.24) 

Similarly to section |||, we conjecture that the Serre relations in terms of modes are of the form 
(|3.19|) - (|3.24 ) with now k E Z. As before, this conjecture is supported by explicit computations on 
the first orders. Moreover, we can define a graded algebra for DA, grad(DA), as in proposition 
Oj Then the Serre relations in grad(DA) are the relations (|3.19| )- (|3.24j ), for k G Z, substituting 



the right hand side of the equalities by zero. Beside this, the expansion of ( f4.21|) , ([4.22 ) in terms of 



modes shows that the remaining terms of the Serre relations in DA have strictly lower degree and 
are also cubic. These results are sufficient to prove the next theorems. 

Let A + and A" be the subalgebras of DA generated respectively by {e n ,f n ,h n \n G Z> } and 
{e k ,f k ,h k ,E-. 1 ,F_i\k G Z <0 }. 

Theorem 4.4 The linear maps $ : DA — ► DU(R) and (f)^ : *4 ± — > U ± (R) given by 

(u) (4.25) 





-u) 


i > L (u i 


_ ljL± 23 


fH 


-u) 


i — > L (u 




hH 


-u) 


i — > L (u 


L± 33 (u 



1 (4.26) 
1 + L ±32 (u)L ±33 (m)- 1 L ±23 (u)L ±33 (u)- 1 (4.27) 



are isomorphisms of bialgebra. 



Proof: The proof is similar to the one of theorem £373] and proposition |3.4j . 



For later convenience, we introduce the following combinations in DA (for k G Z): 

e, 2 

E 2k+ i = {e k ,e k+1 }-^- (4.28) 

F 2k+ i = {fk,fk + i}-^-. (4-29) 
In particular, E~\ and F-\ will be essential as well as their image in IA~(R) : 

— -z(E(- L (o))^(o 3 )) -E(-4 3 ))% 3 ) ( 4 - 3 °) 

vfc>0 / fc>0 



^-i — -i(4 2 )E(- L ")) fc ) +4)E(-^)) fc ( 4 - 31 ) 



fc>0 / fc>0 
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Proposition 4.5 The Hopf pairing <, > between A and A + is given by : 

<f-(u),e + (v)>=—, <e -( u ),f + (v)>=—, (4.32) 
u — v u — V 

, ,,,,,, (u-v -l)(2u-2u + 1) 

< /T(u), /i + f >= t A r 4.33 

v 7 v ; (u-v + l)(2u-2v- 1) v ; 

<F_ 1 ,e 2 >=l, <S_ 1 ,/ 2 >=1 (4.34) 
or m terms of generators (n, k > 0): 

< 1, 1 >= 1, < /-fc-i, e„ >= -5 n ,k, < e_fc_i, /„ >= 5„ ifc , (4.35) 
1/ / 1 \ \ I n 



<h^h n >=-- 2 + -- I (4.36) 



Proof: We use the theorem |4]^] to prove this proposition, for example 

<e-(-u)J + (-v) > = <L- 33 («)- 1 L- 23 (m),L +32 (v)L +33 (u)- 1 > (4.37) 

= < L- 33 ^)- 1 <g> L- 23 (m), A(L +32 (t;))A(L +33 (t;))- 1 > (4.38) 
= <L- 23 (u),L +S2 (v)L +w (v)- 1 > (4.39) 

= < L- 22 (u), L +33 (v) >- x < L- 2 \u), L +32 (v) >= — *— (4.40) 

it — f 

The difficult point lies in the step between equalities (|4.38|) and (|4.39|) . It is done using the explicit 
form ( |3.46| ) and showing that only the first term of the sum contributes to the pairing. 
For < f~(u),e + (v) >, the proof is similar. 

The identity < h~(u), h + {v) >=< h~(u), {e + {y ), / } + 1 > and the two previous results allow us to 
obtain the relation ( |4.33| ). 

The pairings < F_i,eo 2 > and < E-x, f 2 > are calculated thanks to the explicit expressions ( |4.30| ) 
and flOip . 

To find the explicit form ( f4.36| ), we remark that (n > 0): 

<h~(u),ho>=l, < h~(u), hi>= u + ~ (4.41) 
< h~(u), h n+2 > - \ 2u + - J < h~(u), h n+1 > +{u + 1) ( u - \ J < h~(u), h n >= 0. (4.42) 



A trivial induction shows that < h (u), h n+2 >= | (u — |)™ +2 + § (u + ~) (u + l) n+1 + ~ (u + 1)" +1 
which gives the result. ■ 



4.3 Dual bases 

Now, we look for bases of A + and A~ . Let £ and T be the subalgebras of A~, generated by 
{e^, E_i, hi\k,l < 0} and hi\k, I < 0} respectively. Let E~ , and JF~ be the subalgebras 

of A", without the unit, generated by {ek,E_x\k < 0}, {h k \k < 0} and {fk,E_i\k < 0}, respectively 
and £ ~, and JF~ be the same algebras with the unit. 
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Proposition 4.6 (i) Let a± G A ± , then a + G £ + H + J r+ and a_ G J 7 H £ . 

iii) Ve± G £± /i± G f± G 

< /_/i_e_, e + h + f + >= (-1)1^-1 < /_, e+ >< fe + >< e _, / + > (4.43) 

Proof: (z) We use a proof similar to the one given in [[UJ. We first consider A + . As {e^, ft,/, / m |fc, l,m> 
0} is a generating set of A + , it is enough to prove that any monomial Yli=o e k i ai hi i f3i fm^ 1 , with 
rrii,ji G Z> , is a linear combination of elements belonging to £ + H + J r+ . We make an 
induction on the degree p = ^ =0 (ai + A + 7i) °f sucri monomial. 
For p = 1, the assertion is obvious. 

Let assume the assertion is true for p > 1 and consider an element Yli=o e k x ai hi x 13 i f mi li such that 
Y^i=oi. a i + A + Ti) — P + 1- The last p generators can be ordered using the induction hypothesis on 
p. Then, three cases are possible depending on the first element: 

• It belongs to £ + . Then, the element is ordered. 

• It belongs to 7i + . If the second generator belongs to 7i + or JF + , the assertion for p + 1 is 
proven. It remains the case where the second generator (say e^) belongs to £ + . We make an 
induction on the index, Z, of the first generator hi. Let a p _i be the ordered product of the last 
p — 1 generators. 

If 1 = then 

/i e fc ap_i = e k h a p -i + e k a p _i due to ( |3.11|) (4.44) 

As the induction on p allows us to order hoa p -i, we can order this element. 
If I = 1 then 

h\e k a v -\ = e k h\a v -\ + e fc +ia p -i + h e k a p -i + e k h a p -x due to (|3.12|) (4.45) 

Using the case I = for h§e k a p -\ and the induction hypothesis on p for h\a p -\ and /io%>-i, we 
can order this element. 

Let I > 2 and assume that for / — 2 and I — 1 the elements can be ordered. Then, using the 
commutation relations (|3.13|) , one gets 

hie k a p -i = (-/ij_ 2 e fe+ 2 + hi- X e k /2 - h^ 2 e k+ i/2 + h^ 2 e k /2 + 2h l - 1 e k+x )a p -x + b p+1 (4.46) 

where b p+ \ can be ordered thanks to the induction on p. The other elements are ordered by 
the induction on I — 2 and I — 1. 
This ends the induction on I. 

• It belongs to JF+. We denote it f m . If the second element belongs to the assertion for p+ 1 
is proven. If the second element belongs to 7i + , we prove the assertion for p + 1 analogously 
to the previous case, using (|3.14|) , (|3.15|) and (|3.16|) . Finally, if the second element e k belongs 
to S + , then 

f m e k a p _i = -e k j m a p ^ x + h m+k a p -i due to (|3.iq) (4.47) 
and f m a p -i, h m+k a p -i are ordered thanks to the hypothesis on p. 
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This ends the induction on p and (z) is proven for A + . 

For A~, the proof is almost similar. However, an additional difficulty appears because of exchange 
relations between e_ k and h-\. The relation (|4.23| ) allows us to order e_; = 2e_z — e_;_i — e_;_ 2 
(I > 1) and h_i. Fortunately, e_fc can be expressed in terms of e_; : 



Vfc > 1, e_ 



1 +00 

3 ^ 

l=k 



i-k+r 



e-i 



(4.48) 



Therefore, we can order e- k and h-\. Likewise, e- k and /i_ n can be ordered. 
(ii) Let /_ G T^Hr ", e+ G £ + H + , e_ G £~ and /+ G One computes 

</_e_,e + /+> = </_®e_,A(e+)A(/ + )> (4.49) 
= < /_®e_,(e+®l + mod(^ + ®£ + ))(l®/ + + mod(.F + ®„4 + )) > (4.50) 



= (-ir +l[e - ] </_,e + >< e _,/ + > 

using the following identities: 

{-l) [f+][I+] < A(e^)J + ®£ + > 



(4.51) 



<e_,£ /+> 
<f.,A + F + > 



1 



,[/+][£" 



< e_ <g> 1 + mod (A~ ® £~),f+ ®£ >= 



_ 1 )[e+][^+] < A(/_),JF+®e + > 

< lgi/.+TTwd^"®^"),^®^ >=0 

< A(/_),^ + ®^+> 

< l^^-fmo^^i-),^®^ >=0 



(4.52) 
(4.53) 
(4.54) 



Let /_ G G 7i.~, e + G £ + and h + G 7i + such that /_ = f-h- and e + = e + h + . Then, 

we prove analogously that < f-,e + >=< f-h^,e + h + >=< f-,e + >< h_,h + > using A(h + ) = 
1 (g> h + + ^ h i ®h' i + mod(£ + H + (g> H + J r+ ) where 6,j and b! i G 7^ + . Remarking that [e+] = [e+] and 
that for the unit the theorem is obvious, we prove the second assertion of the theorem. ■ 



Remark 4.2 The point (ii) of the previous theorem shows that the dual of £ ~ (resp. Tl~, JF~) is 
JF+ (resp. H + , £ + ). In particular, one has < £~,£ + >= =< £~,H + >, and the same relations 
changing £ by T . 

Theorem 4.7 Bases of £ + , T~ , T + and £~ are respectively 

, b , h . . . G Z> }, (4.55) 
\a ,ai...,b ,b 1 ...eZ> }, (4.56) 
, 6 , h . . . G Z> }, (4.57) 
. \a ,a 1 ...,60,61. .. e Z> }. (4.58) 



£ £+ = {eo ao J Ei feo e 1 ai J E 3 f,1 ...e fc a ^ 2fe+ A...|ao,a 1 ... 

B F - = {F„ 1 f, %i a °i 71 -3 fe 7-2 ai • • • F-2^1 bfc /- fc -i afe • • • 

= {F 2k+1 b "f k ak ...F^f 1 ^F 1 bo f a °...\a ,a 1 ... 

B E - = {e^ k ^E_ 2k ^ . . . e^E^e^E^ . . 
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Proof: To prove that Bp+, Bp-, Bp+ and Be- generate £ + , J 7 ^, T + and £~, respectively, the 
methods are the same as the ones used in the proof of the assertion (z) of proposition fOj , using the 
commutation relations between e k and t\ as well as the proved results on the Serre relations. 
The independence of the set of generators is given by their independence in the corresponding graded 
algebras which is obvious. ■ 



Theorem 4.8 For any element b + of Bp+ (resp. Bp+), there is one and only one element in 
Bp- (resp. Be-) such that the pairing < b-,b + > does not vanish. They are given by: 

< J] i 71 -2n-l f "7-n-l 2a " +C ' 1 , J] Zm 2bm+Cm E 2m+1 a ™ >= (-l)Zo< n <m< k °*«n bj. (4.59) 
n=0 m=0 1=0 

< n e -«-l 2an+Cn £-2«-l fe "> II F 2m+I am fm 2bm+Cm >= (-l)Eo<»<m<*Cn«m a ,! b t \ (4.60) 
n=0 m=0 1=0 

k [ ^ k 

where k G Z> , a k , b k G Z> , c k G {0, 1}, e n = e e 1 . . . e fc _i e k and e n = e k e fc _i . . . e x e . 

n=0 n=0 

Proof: We first consider the pairing < a_, e k > for a_ G £>p-. If a__ has degree at least 2, there are 
a'L £ Bp- such that a_ = a'_a"_. Using (|4.35|) , we get 



<a_,e fc > = < a_ ® a_ , A(e^) > 



fe-i 



< a'_ (8) a", e fc <8> 1 + 1 ® e k + Y^/iz ® e fc _/_i + moc/(J" + <g> £ + £ + ) > 

z=o 
fe-i 

< a'_ <g> a'L , e k <g> 1 + 1 ® e fc + V, ^ ® ejfe-j-i >= 0, 



This shows that the pairing of < a_,e k > is different from zero only for a_ = f-k-i and given by 



S) 



Consider now < a_,e% >. If a_ = /_ m has degree 1, one computes: 

fc-i 



< /_ m , e 2 k >=< A(/_ TO ), e fc g> e fc >=< /_ m <g> 1 + 1 <g> /_ m +^hi® f- m -i-i, e k <g> e k >= (4.61) 



z=o 

For a_ = a'_a'L of degree at least 2, one has 

fe-i 



<a_,e k 2 > = < a'_ ® a'L, A(e k ) 2 >=< a'_ ® a'L,^2[e k ,hi] ® e^i-x > (4.62) 
= <a / _®a",-e fc ®ej fc _i + ^*i(efc,e fc+ i,...,e fc+l )®e_{_i> (4.63) 
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where ^(e^, e k+ \, ■ ■ ■ , e k+ i) is a linear combination of e k , e k +i, . . . , e k+ i. Then, for k > 1, < a_, e^ 2 > 
is equal 1 for a'_ = f-k-i and a"_ = (i.e. for a_ = F_ 2 &_i) and otherwise. For k = 0, by (|4.34j) 
and the previous calculation, we know that the pairing of eo 2 does not vanish only with F-\. 
Similarly, < f-k-i 2 , a + > is equal to 1 if a + = E 2k+ i, and to in the other cases. 
Now, we show by induction that < F_ 2k _i b ,e k 2b >— b\ and < F_2k-i b f-k-i, &k 2b+1 >— —b\ and that 
the other pairings with e^ 26 or e k 2b+1 are zero. We assume these assertions for b < bo. 

k-i \ 60 



< a_, e k 2b ° >=< a!_ ® a'L, \^k 2 ® 1 + 1 ® e fc 2 + ^i(e k , e k+1 , e k+l ) ® e fc _ ; _i J > 

< a'_ ® a'!, £ ^ e fc 2 " ® e k 2 ^ >=< a'_ ® a'!, £ ^ e fc 2p ® e fc 2 ^ > (4.64) 



Due to the hypothesis, this pairing is non zero only if a' = F_ 2 k-i p and a" = F_ 2 k-i b ° p and, in this 
case, is equal to 

(^j < F. 2k _^, e k 2p >< F^ b °- p , e k 2( ~ b0 ^ >= (b - p)\ = b \ (4.65) 

A similar result is proven for e k 2bo+1 and then by induction on b, the assertions are proven. 
Similarly, < f- k - 2 \ E 2k+ i a >= a\ and < f- k -i 2a+ \ e k E 2k+l a >= -a!. 
We can sum up all these results by 

Va, b E Z> , c E {0, 1}, < F.afc.! 6 /-*-! 2 ^ 6 , e k 2b+c E 2k+1 a >= (-l) c a! 6! (4.66) 

and all other pairings with e k 2b+c E 2k+ \ a are zero. Similarly, we show that all other pairings with 
F_ 2 fc-i fc /-fc-i 2a+c are also zero. 

I | k | 

<\{F- 2n - l b '-f- n - l 2 < +c '^ J] e m 2b ™ +c ™E 2m+1 a ™ > 

n=0 m=0 

l > k [ 

= < F^of^+co g, JJ j p_ 2J _ 1 6i/_,_ 1 2oi+c| > A(e 2f,0+c ° J Ei ao )A( J] e m 2fe ™ +c ™£ 2m+1 a ™) > 

n=l m=l 

= (-l) Co(c ' 1+ - +c ^a ;) ,a ^, fe o^, C o(-l) Co «o! W < II F-2i-i' l f-i- 2a ' l+c[ , \[ e m 2b - +Cm E 2m+1 a ™ > 



n=l m=l 



Repeating this calculus k times, we prove (|4.59 ) of the theorem. 
( |4.60| ) is proven along the same lines. 



Remark 4.3 Since H + is Abelian, one of its basis is {h a °hi ai . . . h k ak . . . \a , a%, . . . G Z> }. In 
addition, the pairing restricted of the subalgebras 7i~ and 7i + is not degenerated. 
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Remark 4.4 A corollary of the previous results is that the pairing between A and A + is not 
degenerated. Then, thanks to the isomorphisms (f) and $, neither is the pairing between U~{R) and 
U+{R). 

Theorem 4.9 U + (R) ®U~(R) is the quantum double oflA + (R) with the multiplication between 
U + (R) andU^(R) defined by ( \4-3j )- Thus, it is isomorphic, as a Hopf algebra, to the quantum double 
ofY(osp(l\2)), denoted DY (osp(l\2)) . 

Similarly, A + (R) ®A~(R) is the quantum double of A + (R). 

Proof: From (A <g> 1)A(L ± (m)) = L ± (w)(g)L ± (M)(g)L ± (M), the cross-multiplication in a quantum 
double is defined by 

Lz(v)L+(u) = <S(L^(v)),L^(u)>L+(u)L^(v)<L^(v),L+(u)> (4.67) 
= R 12 (u-v)Lf(u)L 2 (v)R u \u-v) (4.68) 



which is equivalent to 
The other assertions are obvious. 



5 Universal R-matrix 

5.1 Construction of the universal R-matrix 

We express the universal R-matrix of double super Yangian DY(osp(l\2)) according to the generators 
of Drinfel'd basis. Since DA is the quantum double of A + , it admits a canonical universal R-matrix 
given by 1Z = x.- t ® x l where {xi,i G N} is the basis of A + and {x\i G N} G A~ is the dual 
basis (i.e. < x l ,Xj >= 5j). Therefore, thanks to the explicit expression of the pairing, we have the 
following result. 

Theorem 5.1 The universal R-matrix can be factorised as 

K = KeKhKf (5.1) 

where TZ E G S + <g> T~ , TZh G H + (g> H~ and TZ F G ® E~ . 
The explicit expressions of the universal factors TZe and Tip are 

Ke = Y[ [ ex P W ® F -2i-i) (1 ® 1 - ei ® f-i-i) exp {E 2l+1 ® f^-i 2 )] (5.2) 

i>0 

n F = II [ ex P (^M+i ® e -*- 12 ) (! ® 1 + ^ ® e -i-i) ex P (/* 2 ® S-a-i)] (5.3) 

i>0 
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Proof: The factorisation of the the universal R-matrix is involved by the relation (ii) of the proposi- 
tion (|4.6|) . In addition, to prove the expression of TZe, we expand the exponentials and the products 



II 2 — TT7 i e ? ai ® ^-a-i*) (1 ® 1 - et ® /_i_ x ) (£ 2i+ i 6 < ® /- l -i 26 (5.4) 



i>0 a-i,bi>0 



n e 

>o 

/ 



i>0 ai,i>i>0, 

Ci e{o,i} 



( jj f„ 2ai+Ci pi 6j <> jp di f 2bi+Ci 
77— T [Gi &2i+l <&> r-2i-l J- ' 

\ 



i-1 



) 



E E - 

c e{o,i} c l£ {o,i} / 



•1 



1CQ+C1 + - 



a !&o ' a i !&i ! • • ■ 



\CQC1 + - 



x (eo 2ao+Co J Ei feo ei 2ai+Cl J E 3 bl 



ao / 26 +c 77i ai j? 2fei+ci 



...) 



(5.5) 



(5.6) 



Therefore, 7?.£; can be written Y^ Xi eB + Xi ® x% an< ^ < x \ x j > = °~j due to ( f4.59| ). The proof to find 
the explicit form of TZp is similar. ■ 



Theorem 5.2 The factor 1Zh of the universal R-matrix of DY(osp(l\2)) is given by 



n>0 L i>0 



(5.7) 



where K±{u) = ha.h ± (u) ! C(q) = q + 1 + q 1 , T is the shift operator: Tf(u) = f(u + l) and 
(ip(u))i = ipi for any function i/j(u) = J2ii J i u 



Proof: The proof is inspired by the results exposed in |12| . Starting from the pairing (|4.33 ), a direct 
calculation shows that 



< KJu),Kjv) > = In 



(u-u-1)(2u-2t; + 1) 
(u-v + l)(2u-2v- 1) 



from which it follows 
d 



<—K-{u),K+(v)> 
du 



u — v — 1 u — v + 1/2 u — u + 1 it — v — 1/2 

(rp-l _|_ rpl/2 _ rp _ rp- 



l/2\ 



u — V 



Therefore one obtains 

< 4- K -(u), (T- 1 + T 1 ' 2 - T - T-V^K+tv) > = — *— 
du u — v 

The formal inversion of the operator (T _1 + T 1 / 2 — T — T -1 / 2 ) -1 is given by 

^p-l _|_ J"V 2 — T — J"-l/ 2 ) -1 = rp3n+2 _|_ j>3n+3/2 _|_ rp3n+l 

n>0 



(5.8) 

(5.9) 
(5.10) 

(5.11) 

(5.12) 
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Let B(q) be the g-analog of the symmetrised Cartan matrix of osp(l\2). We define C(q) by the 
relation^ = - — = C(q), C(q) is a matrix with polynomial entries in q and g _1 and positive 

[2K\ q l/2 

coefficients. One gets C(q) = q + 1 + q~ l . It follows that 

V < 4- K -( u ), CiT 1 ' 2 ) K + (v + 3n + 3/2) > = — *— (5.13) 

n>0 



Since the pairing ( p,13| ) exhibits a duality relation in diagonal form, one gets immediately the ex- 



pression ( |5.7| ) for the universal factor 1Zh- 



5.2 Evaluated i?-matrix 

Proposition 5.3 Let tt be the fundamental 3- dimensional representation of osp(l\2) with represen- 
tation space V and V z a C-module. Then tt z such that 

ir z : DA — ► V Z ®V 

e n ^ z n E 12 + z' n E 23 (5.14) 

f n ^ z n E 21 -z' n E 32 (5.15) 

K — > z n En + (z n - z' n )E 22 - z' n E 33 (5.16) 

is an evaluation representation of the double super Yangian DY(psp(l\2)) for z' = z + \ . 



Proof: The image by ir z of the elements of DA have to satisfy the commutation relations ( f4.15[ ) 



(|4.22|) . For example, we prove for (|4.19|) . We use that 7r z (e(u)) = 5(z — u)Ei 2 + 6(z' — u)E 23 . Then, 



one gets : 

(u-v- l)(2it - 2v + l)ir z (e(u))ir z (e{v)) + (u - v + l)(2u - 2v - l)iT z (e(v))iT z (e(u)) 
= [(u-v- l)(2w - 2v + l)5(z - u)5(z' - v) + (u-v+ l)(2u - 2v - l)S(z - v)S(z' - u)]E 13 
= [{z - z' - l){2z - 2z' + 1) + (z' -z + l){2z' -22-l)Ei3 = (5.17) 

The other commutation relations are proven analogously. ■ 
Theorem 5.4 Let n z and 7t w be two fundamental evaluation representations , then 

(TT z ^TT w )n = R 12 (Z -W) (5.18) 

where the R-matrix R\ 2 (z) is given by (\2.4\) - 

lr The presence of q 1 / 2 instead of q in the definition of C(q) is due to the normalisation of the fermionic simple root. 
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Proof: 

(vr z <g> -k w )TZe = 1 3 ®13+ ^ Kz{eiej) ® nw{f-i-if-j-i) 

j>i>0 

+ K( e * 2 ) ® M^i-l) - TTz(ei) ® 7T tt (/_i_i) + 7T z (£; 2i+ i) ® ^(/-i-i 2 )] 

£ 12 ® E 21 E 23 ® £ 32 £ 12 (8) £ 32 £ 23 ® £ 21 4(z - w) + 3 

2 — w 2; — w 2 — u? — i 2; — w + ^ (z — w){2{z — w) + 1) 

The explicit form of TZp is proven analogously. 

The calculation of IZjj is standard, but one has to use the following formula introduced in Wl 



n>0 L i>0 ' ^ J V JV / 

where (ip(u))i = ipi is defined as in theorem |5.2| . ■ 

Acknowledgements: We warmfully thank J. Avan and A. Molev for discussions and advices. 
Some preliminary computations were done using the symbolic manipulation program Form, by 
J. Vermaseren |13| . 
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